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We determine the entanglement capability of self-inverse Hamiltonian evolution, which reduces to
the known result for Ising Hamiltonian, and identify optimal input states for yielding the maximal
entanglement rate. We introduce the concept of the operator entanglement rate, and find that the
maximal operator entanglement rate gives a lower bound on the entanglement capability of a general
Hamiltonian.
PACS numbers: 03.67.-a, 03.65.Ud
Two-qubit unitary gates occupy a central role in quan-
tum information science [1], particularly because of the
capability of these gates to generate and enhance entan-
glement of the state of the system. In general, entangle-
ment capability can be enhanced by introducing ancillary
states [2, 3], but for the important and interesting case
of the Ising Hamiltonian HISING = σz ⊗ σz it is ancilla-
independent [4, 5] (where σz=diag(1,−1) is a Pauli ma-
trix). The independence of the entanglement capability
on ancillas is a consequence of the self-inverse property
HISING = H
−1
ISING.
We generalize this result to all Hamiltonian evolution
of the type
H = XA ⊗XB (1)
such that Xi = X
−1
i ∈ Hi for i ∈ {A,B} and H = H−1,
with the Ising Hamiltonian being a special case. Here,
we assume that Xi is not an identity operator 1 i. Due
the self-inverse property of the Hamiltonian, we have the
evolution operator (~ = 1)
U(t) = e−iHt = cos t 1A ⊗ 1B − i sin t XA ⊗XB. (2)
We employ operator entanglement [6, 7] and operator en-
tanglement rate to characterize the entanglement capa-
bility of the self-inverse Hamiltonian evolution: these ap-
proaches yield elegant analyses that are simple to apply
for determining entanglement capabilities. We find that
the maximal operator entanglement rate always gives a
lower bound on the entanglement capability of a general
Hamiltonian.
The entanglement capability of a Hamiltonian [2, 4, 8]
is defined relative to a specified entanglement measure.
We use von Neumann entropy as our entanglement mea-
sure of a pure state |Ψ〉 ∈ HAB:
E(|Ψ〉) = −TrA(ρA log ρA), (3)
where ρA=TrB(ρAB), ρAB = |Ψ〉〈Ψ|, and log is always
base 2. The entanglement capability of Hamiltonian H
is defined as the maximum entanglement rate when a
pure state is acted on by the associated evolution op-
erator U(t) = exp(−iHt). Mathematically, the ancilla-
unassisted and ancilla-assisted entanglement capabilities
are defined as [2, 4]
EH : = max|Ψ〉∈HABΓ(t)|t→0, (4)
EancH : = sup|Ψ〉∈H
A′ABB′
Γ(t)|t→0, (5)
respectively, where Γ(t) = dE[U(t)|Ψ(0)〉]/dt is the state
entanglement rate, and ancilla systems A′ and B′ are not
acted on by Hamiltonian H . For the ancilla-assisted case
the entanglement refers to the bipartite entanglement be-
tween systems A′A and BB′.
Let us first consider the unassisted case, and the ini-
tial pure state of the system can always be Schmidt-
decomposed as [9]
|Ψ(0)〉 =
∑
n
√
λn|ψn〉 ⊗ |φn〉, (6)
where {|ψn〉} and {|φn〉} are orthonormal sets of states,
and λn > 0 ∀n. As |Ψ(0)〉 is normalized,
∑
n λn = 1.
The state at time t is described by the density opera-
tor ρAB(t) = U(t)ρAB(0)U
†(t), which satisfies ρ˙AB(t) =
−i[H, ρAB(t)]. Thus, the reduced density operator ρA(t)
satisfies
ρ˙A(t) = −iTrB[H, ρAB(t)]. (7)
From Eq. (3), we know that the entanglement rate is [4]
Γ(t) = −TrA[ρ˙A(t) log ρA(t)]. (8)
Substituting Eq. (7) into Eq. (8), we obtain the entan-
glement rate at t = 0 as
Γ(t)|t→0 = iTrA{TrB[H, ρAB(0)] log ρA(0)}, (9)
which is general for arbitrary Hamiltonians and initial
states. By varying initial states we can maximize the
entanglement rate.
Equation (9) is solved by first obtaining the results
TrB [H, ρAB(0)] =
∑
mn
√
λmλn(XB)mn[XA, |ψn〉〈ψm|],
(10)
where (XB)mn = 〈φm|XB|φn〉, and
log ρA(0) =
∑
n
logλn|ψn〉〈ψn|. (11)
2The entanglement rate at t = 0 for our Hamiltonian H
is then given by,
Γ(t)|t→0 = i
∑
mn
√
λmλn log
λm
λn
(XA)mn(XB)mn, (12)
where (XA)mn = 〈ψm|XA|ψn〉.
From Eq. (12), we obtain an upper bound for the en-
tanglement rate
Γ(t)|t→0 ≤
∑
mn
√
λmλn
∣∣∣ log λm
λn
∣∣∣ |(XA)mn| |(XB)mn|
=
∑
mn
(λm + λn)
√
λm
λm + λn
λn
λm + λn
∣∣∣ log λm
λn
∣∣∣
× |(XA)mn| |(XB)mn|
≤β
2
∑
mn
(λm + λn) |(XA)mn| |(XB)mn|
≤β
4
∑
mn
(λm + λn) (|(XA)mn|2 + |(XB)mn|2)
=β, (13)
where
β =2 max
x∈[0,1]
√
x(1 − x) log[x/(1− x)]
=2
√
x0(1 − x0) log[x0/(1− x0)] ≈ 1.9123, (14)
and x0 = 0.9128. The first line simply follows
from the triangle inequality, the second and third lines
from Ref. [4], and the fourth line from the inequality
2|ab| ≤ |a|2 + |b|2 for any complex numbers a and b.
Finally, the last line results from the self-inverse prop-
erties of XA and XB. To see this, let us examine the
sum
∑
mn λm|(XA)mn|2 =
∑
mn λm(XA)mn(XA)
∗
mn =∑
m λm
∑
n(XA)mn(XA)nm = 1, where the second
equality results from the Hermitian property of XA, and
the last equality from the self-inverse property XA =
(XA)
−1. We have seen that the self-inverse property is
essential to obtain the upper bound β. Another feature of
Eq. (13) is that the result is applicable for any pure state
with or without ancillas. Therefore, the upper bound β is
ancilla-independent. Next we show that the upper bound
can be saturated by optimal input states.
Since the self-inverse operators Xi, i ∈ {A,B} satisfy
X2i = 1, the eigenvalues of Xi are ±1 with the corre-
sponding eigenstates (possibly degenerate) denoted by
|±〉i. Then, we construct the optimal input states given
by [10]
|Ψ(0)〉 =
√
x0
2
(|+〉A + |−〉A)⊗ (|+〉B + |−〉B)
+
i
√
1− x0
2
(|+〉A − |−〉A)⊗ (|+〉B − |−〉B). (15)
This state is of Schmidt form with Schmidt number 2.
From Eqs. (12) and (14), we obtain Γ(t)|t→0 = β. There-
fore, we can always find the optimal input states for
which
EH = E
anc
H = β. (16)
Result (16) extends results for the Ising Hamiltonian [2,
4], and we do not restrict the dimension of Hilbert spaces
on which the self-inverse operators XA and XB act.
The Hilbert space can be finite-dimensional or infinite-
dimensional.
Self-inverse Hamiltonians not only exhibit elegant en-
tanglement capability, but are also physically meaningful.
As an example of a physical system with optimal input
state and maximal entanglement rate β, we consider a
spin-j system with a (2j+1)-dimensional space spanned
by basis states {|n〉j ≡ |j;n − j〉, n = 0, 1, . . . , 2j}. We
define a number operator N = Jz + j of the spin-j
system satisfying N|n〉j = n|n〉j . Here, commutators
for Jz and ladder operators J± satisfy the su(2) algebra
[Jz, J±] = ±J±, [J+, J−] = 2Jz. Then, using the num-
ber operators, we construct the self-inverse interaction
Hamiltonian
H1 = (−1)N ⊗ (−1)N , (17)
where (−1)N is a parity operator of the system. This
kind of Hamiltonian is realizable in physical systems [11].
From Eq. (17), we see that Hamiltonian H1 reduces to
the Ising Hamiltonian HISING for the case of j = 1/2.
When the dimension d = 2j + 1 is even, i.e., j is a half
integer, Hamiltonian H1 is equivalent to the Ising Hamil-
tonian in the sense that the operator (−1)N can be writ-
ten as 1 d/2 ⊗ σz , where 1N denotes the N ×N identity
matrix. For integer j, Hamiltonian H1 is not equivalent
to the Ising Hamiltonian.
Let us consider the SU(2) entangled coherent
state (ECS) [12] |η〉ECS as an input state
|η〉ECS = √x0|η〉 ⊗ |η〉+ i
√
1− x0| − η〉 ⊗ | − η〉, (18)
where |η〉 = exp(ηJ+−η∗J−)|0〉j is the SU(2) or spin co-
herent state (SCS) [13], η is complex with unit modulus.
From Eq. (12) and the identity (−1)N |η〉 = | − η〉, it is
straightforward to show that the SU(2) ECS is the opti-
mal input state which yields the maximal entanglement
rate β.
The above analysis is restricted to finite equal-
dimensional composite systems, but this limitation is
convenient, not essential. Consider the harmonic oscilla-
tor with infinite-dimensional Hilbert space. The operator
a†a is the number operator, where a† (a) is the creation
(annihilation) operator. We can have the Hamiltonians:
H2 = (−1)N ⊗ (−1)a†a and H3 = (−1)a†a⊗ (−1)a†a. By
noticing that the SCS can be realized in the Fock space
as the binomial state [14], the optimal input states for
Hamiltonians H2 and H3 are directly obtained by ap-
propriately replacing SCS with the binomial state in the
SU(2) ECS (18).
Although in general one cannot expect an entangled
state to be generated by Hamiltonian evolution from
3a product state, in this spin system the optimal in-
put state |η〉ECS can be generated by the Hamiltonian
−H1 from the product state |η〉 ⊗ |η〉. Mathematically,
|η〉ECS = exp(iH1t)|η〉 ⊗ |η〉 with x0 = cos2 t. This fact
and the ancilla-independence of the self-inverse Hamilto-
nian entanglement capability suggest that the entangle-
ment capability depends more on the Hamiltonian and
the associated unitary operator. Next, we demonstrate
this character by introducing the entanglement rate for
operator U(t), and give the result that the entanglement
capability of Hamiltonian H1 is equal to the maximal op-
erator entanglement rate for the associated unitary op-
erator.
We review operator entanglement introduced in
Ref. [6]. Notice that the linear operators over Hd (finite
d) also form a d2-dimensional Hilbert space denoted by
HHSd2 , and the corresponding scalar product between two
operatorsX and Y is given by the Hilbert-Schmidt prod-
uct 〈X,Y 〉 := Tr(X†Y ), and ||X ||HS = 〈X,X〉. Then, the
operator acting onHd1⊗Hd2 can be considered as a state
on the composite Hilbert space HHS
d2
1
⊗HHS
d2
2
, and the op-
erator entanglement can be defined as the entanglement
of that state.
Any unitary operator V acting on Hd1 ⊗Hd2 may be
Schmidt-decomposed as [7] V =
∑
n snAn ⊗ Bn, where
sn > 0 ∀n and An and Bn are orthonormal operator
bases for systems 1 and 2. From the Schmidt form the
entanglement of a unitary operator V is determined to be
E(V ) = −∑l s2l /(d1d2) log [s2l /(d1d2)] , where the factor
1/(d1d2) arises from normalization of the unitary oper-
ator. We can think of the operator entanglement as a
strength measure of the operator [7].
If we consider the unitary operator U(t), the operator
entanglement E [U(t)] becomes a time-dependent func-
tion. Analogous to the definition of the state entangle-
ment rate [2], it is natural to define the operator en-
tanglement rate at a certain time of interaction and the
maximal entanglement rate
R(t) := dE [U(t)]/dt, Rmax := max
t
R(t), (19)
respectively, where the maximization is over all time t.
At certain times the entanglement rate becomes maxi-
mal.
The operator entanglement of an arbitrary unitary
operator V is equal to the entanglement of the state
V (|Φ〉A′A ⊗ |Φ〉BB′) [7],
E(V ) = E[V (|Φ〉A′A ⊗ |Φ〉BB′)], (20)
where
|Φ〉A′A =
d1−1∑
n=0
|n〉A′ ⊗ |n〉A ∈ Hd1 ⊗Hd1 , (21)
|Φ〉BB′ =
d2−1∑
n=0
|n〉B ⊗ |n〉B′ ∈ Hd2 ⊗Hd2 (22)
are maximally entangled states. Equation (20) shows a
direct relation between operator entanglement and state
entanglement. Note that here dimension d1 can differ
from dimension d2. From Eq. (20), we immediately have
a relation between the operator entanglement rate and
the state entanglement rate
R(t) = Γ(t) = E˙[U(t)(|Φ〉A′A ⊗ |Φ〉BB′)]. (23)
From Eq. (23) we find that the maximal operator entan-
glement rate gives a lower bound for the entanglement
capability of a general Hamiltonian, which is the infinites-
imal version of the one that the operator entanglement
gives a lower bound of the entanglement capability of a
unitary operator [7].
Having defined the operator entanglement rate let us
study the maximal operator entanglement rate Rmax of
the evolution operator associated with Hamiltonian H1
with dimension d = 2j + 1 an even number [15]. The
associated unitary operator is in the Schmidt form
U1(t) = cos t 1 d ⊗ 1 d − i sin t (−1)N ⊗ (−1)N . (24)
From the above equation, the operator entanglement and
operator entanglement rate are given by
E [U1(t)] =− cos2 t log cos2 t− sin2 t log sin2 t, (25)
R(t) =R[U1(t)] = sin(2t) log(cot
2 t), (26)
respectively. The above equation shows that the operator
entanglement rate is a periodic function of time t; hence
we can maximize over one period. It is straightforward
to find that at time t = 0.2932, the entanglement rate
reaches its maximum value, i.e.,
Rmax = β. (27)
Comparing Eqs. (16) and (27), we conclude that the en-
tanglement capability of Hamiltonian H1 is equal to the
maximum operator entanglement rate of the associated
unitary operator exp(−iH1t). Therefore, the entangle-
ment capability of the self-inverse Hamiltonian is inher-
ent in the evolution operator in the sense that it can be
solely determined by the evolution operator, irrespective
of states.
More generally, there is interest in the entanglement
capability of quantum operators, not just Hamiltoni-
ans [3, 16, 17, 18, 19, 20, 21, 22]. Here, we analyze the
entanglement capability of the unitary operator gener-
ated by the self-inverse Hamiltonian H (2). We quantify
the entanglement capability of a unitary operator U by
the maximum entanglement which a unitary operator can
create given an initial product state [3]:
EU = sup|γ〉,|δ〉E(U |γ〉 ⊗ |δ〉), (28)
where |γ〉 ∈ HA′A and |δ〉 ∈ HBB′ , namely, we include
ancillas. For unitary operator U(t) we immediately ob-
tain
EU(t) =sup|γ〉,|δ〉E[U(t)|γ〉 ⊗ |δ〉] = sup|γ〉,|δ〉E[|Ψ(t)〉],
(29)
|Ψ(t)〉 =cos t |γ〉 ⊗ |δ〉 − i sin t |γ¯〉|δ¯〉, (30)
4with normalized states |γ¯〉 = XA|γ〉 and |δ¯〉 = XB|δ〉.
The state (30) belongs to a class of bipartite entangled
states discussed in Ref. [23]. To quantify the entangle-
ment of this state, we can use the standard entanglement
measure, the entropy of entanglement. However, for con-
venience, we use the concept of the concurrence C [24] to
quantify the entanglement since the state can be viewed
as a state of two pseudo-qubits [25]. Using the results of
Ref. [25], the concurrence of state |Ψ(t)〉 is obtained as
C[|Ψ(t)〉] = | sin(2t)|
√
(1− |〈γ|γ¯〉|2)(1 − |〈δ|δ¯〉|2) (31)
From the above equation, it is easy to find that EU(t) =
| sin(2t)|, which is the maximal entanglement which the
operator U(t) can generate from an arbitrary product
state. As the states |γ〉 ∈ HA′A and |δ〉 ∈ HBB′ , the
entanglement capability EU(t) is ancilla-independent.
The unitary operaror U1(t) (24) is in fact a special case
of U(t) (2). Assuming that U1(t) act on Hd ⊗ Hd with
even d, we find that the optimal input state for generating
maximal entanglement is |η〉 ⊗ |η〉, and from Eq. (24) we
find that
E [U1(t)] = C[U1(t)] = EU1(t) = | sin(2t)|. (32)
Therefore, the operator entanglement of U1 is equal to
the entanglement capability of the unitary operator.
In conclusion, we have determined the entanglement
capability of self-inverse Hamiltonian evolution. The self-
inverse Hamiltonians studied here are physically relevant
in their own right, and reduce to the important Ising
Hamiltonian that is central to quantum information sci-
ence. These Hamiltonians go beyond the two-qubit cases;
namely, they can act on d1×d2 composite system, where
the dimension of the subsystem can be either finite or
infinite. We introduced the concept of operator entangle-
ment rate which is well-defined for composite finite sys-
tems, and for certain self-inverse Hamiltonians the maxi-
mal operator entanglement rate is equal to the entangle-
ment capability. For a general Hamiltonian the maximal
operator entanglement rate always gives a lower bound
on the Hamiltonian entanglement capability.
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